ABSTRACT: The dynamics of quadratic polynomials is commonly studied by using the family of maps f c (x) = x 2 + c, where c ∈ C. In this paper we form equations of periodic orbits of periods six and seven on a new (u, v)-plane and consider also the corresponding equations on the (x, y)-plane. The new (u, v)-model produces equations for the periods six and seven with significantly lower degree than the ones obtained by the previous models which enables us to find their solutions.
INTRODUCTION
The dynamics of quadratic polynomials is often studied by using the family of maps f c (x) = x 2 + c, where c ∈ C and x i+1 = f c (x i ) = x 2 i + c (see, for example, [1] , [3] and [7] ). In this work a central role is played by the periodic orbits or cycles of f c for which f n c (x 0 ) = x 0 for some n ∈ N. Now the number n is the period of the orbit and x 0 , x 1 , x 2 , . . . x n−1 are periodic points of period n.
In this paper, we obtain the equations for the periodic orbits 6 and 7 of the family f c by iterating the function (2.1) below and forming the corresponding iterating system on the (u, v)-plane by using a model introduced in [5] (see Section 2). The function G in (2.1) is a two-dimensional quadratic polynomial map which is defined in the complex 2-space C 2 and its iteration reveals the dynamics of f c . We will also compare the (u, v)-plane model to the (x, y)-plane model, which was introduced by Erkama in [4] . The purpose of developing this new model in [5] was that using it we obtain equations of periodic orbits of lower degree, which are easier to handle. The solutions of the periods 6 and 7 obtained in the current paper is a good example of the usefulness of this method. When x is the periodic point of the period n in the (x, c)-plane, then f n c (x) = x. Correspondingly, when (u, v) is the periodic point of the period n in the (u, v)-plane, then G n (u, v) = (u, v). The one significant difference between these previous two models is that the (u, v)-plane model describes information about both the parameter and dynamical spaces for quadratic polynomial dynamics in a single dynamical system on C 2 . Also Erkama's model ([4] ) can be used to study the dynamics of f c very effectively. In the same way, when (x, y) is the periodic point of the period n in the (x, y)-plane, then F n (x, y) = (x, y), where F (x, y) = (y, y 2 + y − x 2 ).
Previously the equation of period four orbits has been presented in the literature before the article [5] twice; T. Erkama [4] presented nearly the same form as in [5] at 2006 and Morton [6] presented a corresponding solution first, but in a more complicated form at 1998. In the article [5] we obtained equations of period 1 − 5 orbits on the (u, v)-plane by iterating the function G. This equation of the period five orbits in the article [5] is the first explicit presentation of the model with two variables. In the articles [1] and [6] Brown and Morton have also studied period five and six cases and they have formed the so called trace formulas in both cases using c and the sum of period cycle points as parameters. Respectively E. V. Flynn, Bjorn Poonen and Edward F. Schaefer have studied the same parameter formula in the case of period five in the article [3] . In Sections 3 and 4 we present first explicit equations of period six and seven orbits on the new (u, v)-plane. Moreover, we present all the central critical points and their real cycles of period six and seven cases. We see the curves of period six orbits on the (u, v) 
THE (U, V )-MODEL
In the article [5] we studied the dynamics of quadratic polynomials by iterating the function
and forming corresponding iterating system on the (u, v)-plane. We obtained a new model by using the change of variables u = x + y v = x + y 2 + y − x 2 (2.2) to the (x, y)-plane model ([4] ), when
3)
The new iteration system was defined as follows:
G(u, v) = (R(u, v), Q(u, v))
when recursively
where
with n ∈ N ∪ {0}. Now (u, v) is fixed G n , so G n (u, v) = (u, v), if and only if (R n (u, v), Q n (u, v))=(u, v).
The set of such points is the union of all orbits, whose period divides n, and the set of periodic points of period n are the points with exact period dividing n. As mentioned in the introduction, the main motivation to develop the new (u, v)-model is that the equations of periodic orbits obtained through it are of significantly lower degree than before. When we solve the pair of equations (2.5) to higher periods, the situation gets complicated very fast due to the growth of degree in the equations. The following result from the article [5] , Theorem 3.1, is very useful in sections 3 − 4 below. Theorem 2.1. Let n ∈ N \ {1}. Any point of exact period n + 1 satisfies
(2.6) When we denote T n+1 (u, v) = 1 + Q n (u, v) − R n (u, v) the eigenvalue λ n (u, v) of the periodic point of the period n by function G n (u, v) is
where n = 1, 2, . . .. On the (u, v)-plane fixed points and periodic points are classified in the following way:
Definition 2.2. Let us assume that (u, v) ∈ C 2 is a periodic point of period n of the function G (u, v) . In that case (u, v) is 1. attracting, if 0 < |λ n (u, v)| < 1, 2. super-attracting or critical, if λ n (u, v) = 0, 3. repulsive, if |λ n (u, v)| > 1, 4. indifferent (neutral), if |λ n (u, v)| = 1, when n ∈ N.
PERIODIC ORBITS OF PERIOD SIX
By (2.5) periodic orbits of the period six satisfy the pair of equations
By Theorem 2.1 we also know that the pair of equations
satisfies the equation of the period six orbits. Therefore, the equation
includes now orbits of the period six. When we calculate formulas R 1 , R 2 , R 3 , R 4 and R 5 by using (2.4) and then substitute these formulas to the equation (3.3) and factorize the result, we obtain
(1 + u)(uv + 1 + v)P 6 L 6 u 15 = 0, (3.4)
where P 6 = a 13 u 13 + a 12 u 12 + a 11 u 11 + a 10 u 10 + a 9 u 9 + a 8 u 8 + a 7 u 7 +a 6 u 6 + a 5 u 5 + a 4 u 4 + a 3 u 3 + a 2 u 2 + a 1 u + a 0 , We see that (4.8) includes also the periodic orbits of period two and period three. From these the factor P 6 = 0 satisfies the equation of period six orbits (Figure 2 ), because it is satisfied also by period three orbits in the bifurcation points (see [5] ). This curve is of degree thirteen with respect to variable u and of degree fourteen with respect to variable v. Respectively on the (x, y)-plane the value of degree of the period six equation is 26 as for both factors. We obtain this equation of period six by using formulas (2.2) to the earlier expression P 6 . It is of the form Curves of the period six (3.7) are presented on the (x, y)-plane in Figure 1 . The eigenvalue of the period six by (2.7) on the (u, v)-plane is
where u, v) . We obtain λ 6 (u, v) = a 6 b 6 c 6 d 6 e 6 f 6 u 10 , (3.9)
The bifurcation points are produced by the pair of equations
for which the Singular program ([2]) gives altogether 520 solutions with multiplicity. In the Figure 4 we see real bifurcation points by the intersection points of the period six and eigenvalue curves |λ 6 (u, v)| = 1. The corresponding points on the (x, y)-plane are depicted in Figure 3 . We obtain all critical points of the period six by solving (3.10) which has 260 solutions by Singular. Because v = u 2 + u is the critical curve on the
, we obtain the central critical points from the pair of equations
which is equivalent with the equation 
The central critical point is a critical point of the critical cycle, which is located on the critical curve. So by calculating central critical points first, we obtain other points of the cycle by iterating. A great advantage of this method is that the system of equations is of significantly lower degree than system (3.10). Since u = 0 is the point of singularity (see [5] , Theorem 2.1), the real central critical points by a numerical approximation of six decimals are (see [8] There are altogether 162 critical points.
PERIODIC ORBITS OF PERIOD SEVEN
By (2.5) periodic points of the period seven satisfy the pair of equations
By Theorem 2.1 we now know that the pair of equations
must satisfies the equation of the period seven orbits and so the equation
includes the orbits of the period seven. After calculating R 1 , R 2 , R 3 , R 4 , R 5 and R 6 by using (2.4) we substitute these formulas to the equation (4.3) and factorize it. We obtain Real critical points of period six on the (u, v)-plane.
The explicit forms of the coefficients a 0 -a 31 and b 0 -b 32 are very lengthy and they have been presented in the Appendix. From these factors P 7 = 0 satisfies the equation of period seven orbits, since, for example, the point (u, v) = (−1.574889, 0.905387) is an approximation of a sevenperiodic point under iteration of function G(u, v), and it is also the central critical point of the period seven (see below) so it satisfies the equation P 7 (u, v) = 0. Instead, this point is not a solution of the equation L 7 (u, v) = 0 and hence L 7 (u, v) = 0 cannot be the equation of period seven orbits.
The curve P 7 = 0 is of degree 31 regarding variable u and variable v, and the curve L 7 = 0 is of degree 32 regarding both variables. Respectively on the (x, y)-plane the value of degree of the period seven equation is 63 for both factors and it is of the form 
where 
We obtain the central critical points from the pair of equations
which is equivalent with the equation Since u = 0 is the point of singularity, the real central critical points using a numerical approximation of six decimals are Table 4 .1 includes these points with their cycles and they have again been ordered according to the action of the map. The complex solutions are
There are altogether 441 critical points.
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"The world around us is very complicated. The tools at our disposal to describe it are very weak."
Benoit Mandelbrot Real critical points of period seven on the (u, v)-plane.
APPENDIX
Figures of periodic orbit curves and curves of eigenvalues on the (u, v)-and the (x, y)-plane. 
